The concept of higher order frequency response functions (FRFs) is used for the analysis of non-linear adsorption kinetics on a particle scale, for the case of non-isothermal micropore diffusion with variable diffusivity. Six series of FRFs are defined for the general non-isothermal case. Anon-linerar mathematical model is postulated and the first and second order FRFs derived and simulated. A variable diffusivity influences the shapes of the second order FRFs relating the sorbate concentration in the solid phase and t he gas pressure significantly, but they still keep their characteristics which can be used for discrimination of this from other kinetic mechanisms. It is also shown that first and second order particle FRFs offter sufficient information for an easy and fast estimation of all model parameters, including those defining the system non-linearity.
INTRODUCTION
Understanding the interaction between a fluid an a solid phase is of fundamental importance to the design of an adsorption process. In the literature, a variety of methods for the investigation of adsorption kinetics are presented. Frequency response (FR), which is in the scope of this paper, is based on the analysis of a quasi-stationary response to a periodic input change for the identification of the kinetic model and the estimation of the constants of the various rate processes involved.
The first paper on the application of frequency response in the investigation of the kinetics of adsorption systems appeared in 1963. 1 Subsequently, a number of research groups were concerned with the theoretical and experimental aspects on this and related topics. Frequency response has usually been investigated in batch systems with forced periodic modulation of the reservoir volume, although FR in semi-batch 18 and continuous flow systems 19 with periodic modulation of the inlet molar flow rate have also been treated.
Almost all investigators assume system linearity, although most adsorption systems are significantly non-linear. As a result, very small amplitudes of input perturbations are required, which results in uncertainty of the measured data and loss of any information about the non-linearity of the system and limits the applications of the obtained results to a range very close to the conditions of the experimental investigation.
This paper is a continuation of investigations of adsorption kinetics by non-linear FR, in which the FR method is extended to the analysis of non-linear adsorption systems. [20] [21] [22] [23] [24] 28 The concept of higher order frequency response functions for analysis of the non-linear FR is used.
Some details about non-linear FR and the concept of higher order FRFs can be found in previous papers. 20, 23, 24, 28 Here, only of a few basic facts will be summarized:
-Contrary to the FR of a linear system, which is a periodic function of the same shape and frequency as the input, the FR of a non-linear system in addition to this first, or basic harmonic also contains a DC (non-periodic) component and, theoretically, an infinite number of higher harmonics.
-The concept of higher order frequency response functions 29 (FRFs) is based on Volterra series and generalized Fourier transform 29 and can be applied for weakly non-linear systems. 29 It is applied by substituting the non-linear model of the system by an infinite series of linear frequency response functions of the first, second, third, etc. order. These functions are directly related to the components of the non-linear FR (the first order FRF defines the most significant term of the first harmonic of the FR, the second order FRFs define the most significant terms of the second harmonic and the DC components, etc.) and can be estimated from them, using the procedure given by Lee. 30 In our investigations of the FR of adsorption systems, the FRFs representing the models on the adsorber and on the particle scale are distinguished. 20, 21, 28 The adsorber FRFs depend on both the adsorber type and the kinetic mechanism and can be estimated directly from the experimentally measured FR, while the particle FRFs depend only on the kinetic mechanism and have to be calculated from the adsorber ones. As the final aim of FR investigations of adsorption systems is to reveal the kinetic mechanism and to estimate the corresponding kinetic parameters, the particle FRFs are of most interest. It has been shown 23, 24 that the non-linear FR gives additional information than that obtained from the linear FR and can be used for model discrimination. On the other hand, procedure for calculation of the paricle FRFs from the adsorber ones has been established. 20, 28 In this paper, the higher order FRFs on the particle scale for non-isothermal adsorption governed by micropore diffusion are investigated. This mechanism is common in zeolite type microporous sorbents. The zeolite particles are composed of a large number of microporous microparticles with larger pores between them and with the dominant mass transfer resistance usually arising in the microparticles. A realistic case of variable micropore diffusivity, which is generally a function of both concentration and temperature, is treated. A simple convective heat transfer mechanism (gas film resistance) is considered, which means that the particle temperature is treated as uniform.
This work can be treated as a continuation of the compilation of a library of sets of FRFs corresponding to different kinetic mechanism, 23, 24 which is one of the crucial steps in the application of the method of non-lienear FR in the identification of the correct kinetic model. 28 Earlier, it was shown that second order FRFs give additional information about the kinetic mechanism. 23, 24 For this reason, together with the fact that the third and higher order FRFs give very complicated mathematical expressions, only the first and second order FRFs will be considered in this paper. Also, the FRFs will be derived only for the case of slab microparticle geometry, for which analytical solutions can be found.
Before the derivation of the FRFs, model equations on the particle scale will be set up. Adsorption of a pure gas will be considered.
MATHEMATICAL MODEL FOR NON-ISOTHERMAL MICROPORE DIFFUSION
In order to derive the FRFs on the particle scale, model equations defining adsorption in an adsorbent particle surrounded by a gas of uniform concentration and temperature have to be defined. For the case under consideration, in which the mass transfer is controlled by micropore diffusion, and heat transfer by gas film resistance, the following equations are obtained:
The microparticle material balance
The boundary conditions for Eq. (1) are
which means that the concentration profile in the microparticle is symmetrical and
which means that local equilibrium is established at the mouth of the micropore, with the adsorption equilibrium relation f, which is generally a non-linear function of the gas pressure and particle temperature. The mean concentration in the microparticle is
and the particle heat balance
In Eqs.
(1) to (5) t is time, r µ the microparticle space coordinate, R µ the microparticle half-dimension, σ a shape factor (0 for slab, 1 for cylindrical and 2 for spherical microparticle geometry), Q the adsorbate concentration in the solid phase, T p the particle temperature, P the gas pressure, T g the gas temperature, D µ the micropore diffusivity, which is generally a non-linear function of Q and T p
V p , ρ p and C ps , the particle volume, density and heat capacity, respectively, (-∆H a ) the differential heat of adsorption, h the particle to gas heat transfer coefficient and a the corresponding surface area. For analysis in the frequency domain, it is most convenient to define all dependent variables as non-dimensional deviations from the steady state around which the system oscillates. Their definitions are given in Table I . 
In equation (7), the non-linear function g, defined in Eq. (6) Table I , represent the modified heat of adsorption and heat transfer coefficients, respectively. The obtained model relates the changes of the mean sorbate concentration in the particle <Q> (or <q>) and particle temperature T p (or θ p ) (the output variables) to the changes of the pressure P (or p) and temperature of the surrounding gas T g (or θ g )(the input variables).
This non-linear model has two sources of non-linearity: one is the non-linear equilibrium relation, which makes the boundary condition at the microparticle surface (Eq. (3) or (9)) non-linear, and the other is the variable diffusivity.
HIGHER ORDER FREQUENCY RESPONSE FUNCTIONS

Definitions
As described in a previous paper 28 , for the general non-isothermal, non-linear case, six series of frequency response functions are needed to define adsorption on a particle scale, four of them relating each output to each input, and two series of cross-functions relating each output to both inputs. These series are defined in the block diagram presented in Fig. 1 . F is used to denote the FRFs corresponding to the output <q>, and H for those corresponding to θ p . The subscript represents the input variable (p for pressure, and T for the gas temperature). In practice, for the estimation of all six series of particle FRFs, it is necessary to measure the temperature, along with the pressure. 28 Also, in the mathematical derivations, the notation F* is used for the FRFs corresponding to the local concentration in the microparticle q(r µ ). The "F*" functions are also functios of r µ .
Derivation of the first and second order FRFs
The general procedure for the derivation of the particle FRFs was given in Ref. 28 and illustrated on the example of non-isothermal adsorption governed by micropore diffusion mass transfer with constant diffusivity and convective heat transport. The basic idea of this derivation is to define the inputs as harmonic functions of time, express the outputs in the form of Volterra series, 29 substitute them into the model equations and apply the method of harmonic probing. 31 As a result, a series of sets of linear equations is obtained in which time as an independent variable is replaced by frequency, the output variables are replaced by their corresponding series of FRFs, and the partial differential equations are transformed into ordinary differential equations. The mathematical expressions for the FRFs are obtained by solving these sets of equations.
In order to reduce the number of equations in this paper, only the sets of equations defining the first and second order FRFs corresponding to the model Eqs. (7) to (11), and the resulting mathematical expressions obtained by their solution will be given. Only the case of slab microparticle geometry (σ = 0), for which analytical solutions can be obtained, is considered. For cylindrical and spherical geometry, the second order FRFs can only be obtained numerically.
First order FRFs with respect to pressure (F 1,p and H 1,p )
The easiest way to derive these functions is to define the inputs as p = Ae jωt , θ g = 0. When the outputs are expressed in the form of Volterra series, substituted into Eqs. (7) and (11) and the terms with Ae jωt collected, the following set of equations is obtained
Equation (12) is a homogeneous ordinary linear differential equation which is easily solved. Its solution, subject to the boundary conditions (13) and (14), is
Integration of this function over the microparticle volume, according to Eq. (15), together with Eq. (16), leads to the following final result
where
First order FRFs with respect to gas temperature (F 1,T and H 1,T )
If the inputs are defined as p = 0, θ g = Ae jωt , the model Eqs. (7) to (11) are transformed into
Again, Eq. (21), with the boundary conditions (22) and (23), is easily solved giving
which, after integration according to Eq. (24), results in the following expressions
Φ(ω) and Λ(ω) are defined as previously in Eq. (20), while
It should be noticed that the obtained first order FRFs are identical to the expressions corresponding to constant micropore diffusivity. 28 This is to be expected, as the first order FRFs correspond to the linearized model, while the variable diffusivity is one of the sources of the non-linearity of the system.
Second order FRFs with respect to pressure (F 2,pp and H 2,pp )
The best way to develop these functions is to set the inputs as: p = A 1 e jω 1 t + A 2 e jω 2 t , θ g = 0. Representing the outputs in the Volterra series form, substituting them into Eqs. (7) to (11) and collecting the terms with A 1 A 2 e j(ω 1 + ω 2 )t gives the following set of equations:
After substituting the previously derived expressions for F * 1p , F * 1T , H 1p and H 1T (Eqs. (17), (26), (19) and (28)), into Eq. (30), the resulting equation, although very complex, can still be solved analytically. The solution process involves some long and tedious algebra, so it will be omitted here. Only the final expressions, which are obtained after integration of function F * 2,pp according to Eq. (33), will be given
In practice, the response to a single harmonic input is usually considered in that case, only the second order FRFs corresponding to ω 1 = ω 2 = ω and ω 1 = -ω 2 = ω are of interst. The first one corresponds to the most significant term of the second harmonic, while the second one corresponds to the most significant term of the DC component. It can easily be shown that
with:
1,
and
Second order FRFs with respect to gas temperature (F 2,TT and H 2,TT )
Similar to the previous case, if the inputs are defined as: p = 0, θ g = A 1 e jω 1 t + A 2 e jω 2 t , the set of Eqs. (7) to (11) is transformed into 
Again, the tedious solution procedure will be omitted and only the final expressions given:
,ω Φ ω − Λ ω +ω Φ ω +ω a T (46)
For ω 1 = ω 2 , this solution becomes
with
and for ω 1 = -ω 2
Second order FRFs with respect to pressure and temperature (F 2,pT and H 2,pT )
Defining the inputs as p = A 1 e jω 1 t , θ g = A 2 e jω 2 t transforms Eqs. (7) to (11) into the following set of equations: 
The final solution of the set of Eqs. (52) to (56) is:
and for
It should be noticed that, contrary to the second order FRFs F 2,pp and F 2,TT , which are symmetrical (F 2,pp (ω 1 , ω 2 ) = F 2,pp (ω 2 , ω 1 ) and (F 2,TT (ω 1 ,
Illustration -adsorption of CO 2 on silicalite-1
As an illustration, some simulation results of the first and second order FRFs, using the expressions derived in the previous section, will be given. The simulation parameters are given in Table II . They correspond to literature data on the adsorption of CO 2 on silicalite-1, 12 to steady state pressure and temperature P s = 10 kPa and T s = 298 K, and to moderate heat transfer resistances. The isotherm pressure and temperature coefficients (a p , a T , b pp , b TT and b pT ) were obtained by expanding the Langmuir equilibrium relation
into a Taylor series. The diffusivity concentration and temperature coefficients D q (1) and D T (1) were obtained from a Taylor series expansion of a function based on the well known Darken equation for the concentration dependence and the Arrhenius type relation for the temperature dependence of the micropore diffusivity Microparticle data σ = 0 (slab shape); R µ = 15 µm The simulation results are presented in Figs. 2a to 2d . The FRFs are complex functions of frequency. They are represented in the form of amplitute and phase characteristics, using the classical Bode plot representation (the amplitudes in log-log and the phases in semi-log diagrams). The functions H 2,pp (ω,-ω) and H 2,TT (ω, -ω), which are identically equal to zero, are not shown.
In Fig. 2a , the FRFs corresponding to the isothermal case (the parameter ζ very large) are given. Notice that for this case the "F p " FRFs describe the system completely.
ANALYSIS AND DISCUSSION
Characteristic features of the frequency response functions
First, the characteristic features of the second order FRFs corresponding to micropore diffusion with a variable diffusion coefficient will be considered. For comparison, the complete set of FRFs for micropore diffusion with a constant diffusivity D q
(1) = D T (1) = 0) are given in Fig. 3 . All the other simulation parameters are from Table II (the same as in Fig. 2) . Again, the FRFs obtained for the isothermal case are added in Fig. 3a . Inspection of Figs. 2 and 3 shows that the only recognizable difference in the shapes of the FRFs corresponding to variable and to constant diffusivities can be found in the second "F P " functions, both for the isothermal and for the non-isothermal case. The function F 2,pp (ω, -ω) seems especially usuful in this sense: it has horizontal asymptotes both for low and for high frequencies, which are equal for the case of constant diffusivity and unequal for the case of variable diffusivity. It is also important to notice that the functions F 2,pp (ω, ω) and F 2,pp (ω, -ω) still have shapes which enable the distinction of the micropore diffusion mechanism from other kinetic mechanisms (e.g., for the macropore diffusion mechanism, the amplitude of F 2,pp (ω, ω) changes the slope several times, while the amplitude of F 2,pp (ω, -ω) is a descending function of ω 23, 24 ).
The investigation of the influence of variable diffusivity on the functions F 2,pp (ω, ω) and F 2,pp (ω, -ω) showed that it was mostly related to the concentration coefficient D q (1) . The amplitudes of F 2,pp (ω, ω) and Fig. 4 . The first value corresponds to constant diffusivity (the same as in Fig. 3 ), the second is equal to the value in Table II (the same as in Fig. 2) , and the third and fourth value are multiples, by two and by five, of the value in Table II . The influence of D q (1) on the high frequency asymptotes is obvious, especially for the function F 2,pp (ω, -ω).
The other FRFs will not be discussed, as they show the same patterns as for the case of non-isothermal micropore diffusion with constant diffusivity. 28 
Estimation of model parameters
One of the advantages of the non-linear over the linear FR is that the second order FRFs give valuable information for the identification of the correct mathematical model. i.e., the most probable kinetic mechanism. Another advantage is that it enables estimation of the model parameters, including the ones defining the system non-linearity. A fast and easy way of estimating all the parameters of the defined model (non-isothermal micropore diffusion with varialbe diffusivity and convective heat transfer mechanism) will be shown here.
Estimation of the equilibrium parameters
The equilibrium parameters a p , a T , b pp , b TT and b pT can all be estimated from the low frequency asymptotes of some of the FRFs. It is easily shown that 
It is not surprising that the "linear" equilibrium parameters a p and a T are obtained from the first order (linear) FRFs, while the "non-linear" parameters b pp , b TT and b pT can be estimated only from the second order FRFs. These five parameters actually represent the first and second derivatives of the adsorption equilibrium relation in non-dimensional form in the steady state point, so they give information about the form of this relation.
Estimation of the diffusion parameters
The problem of the estimation of the micropore diffusivity for the isothermal case and constant diffusivity has been solved long ago. 3 It can be calculated from the position of the maximum of the so called out-of-phase characteristic function, 3 which is actually another name for the absolute value of the imaginary part of the function F 1,p . 18 For micropore diffusion and slab microparticle geometry, it is proportional to fhe function Φ(ω), defined in Eq. (20) For the known microparticle size, the micropore diffusivity can be easily calculated from Eq. (70). Nevertheless, for non-isothermal cases, the determination of the diffusion coefficient becomes much more complex, as the out-of-phase function has two maxima. 7, 9 The out-of-phase functions for the non-isothermal and for the isothermal case presented in Fig. 2 are shown in Fig. 5 . This problem can be solved if the whole set of FRF needed to describe the non-isothermal micropore diffusion is available. If a new function is defined as the ratio of F 1,T and
it has the same form as F 1,p for the isothermal case (its imaginary part is also presented in Fig. 5 ). Using this result, the micropore diffusivity at steady state D µs can be defermined from the location of the maximum of Im(G). The diffusivity concentration and temperature coefficients D q (1) and D T (1) have to be determined from the second order FRFs. The first one can be easily obtained from the high frequency asymptote of the function F 2,pp (ω, -ω) (see Fig. 4b )
The temperature coefficient D T (1) cannot be estimated directly. However, a new function can be defined
(1) 2 (1)
which has a horizontal high frequency asymptote from which D T (1) can be calculated
Estimation of x and z These parameters cannot be estimated directly from any of the particle FRFs. However, if one defines
it is possible to estimate the parameter ξ from the high frequency asymptote
On the other hand, the definition of another function
enables the estimation of the parameter ζ, from the slope of the imaginary part of X
It should be recalled that the parameter ξ carries information on the heat of adsorption, and ζ on the heat transfer coefficient (see Table I ).
CONCLUSIONS
The investigated case: non-isothermal non-liear adsorption governed by micropore diffusion with variable diffusivity is a highly realistic problem in a number of commercial microporous adsorbers. The proposed method, analysis of non-linear FR using the concept of higher order frequency response functions, although rather complex, can successfully treat such problems. The definition of the FRFs on the particle scale enables the analysis to be focused on the kinetic mechanism in the particle, which is the final aim of the investigation. One of the important steps in the application of the method is the generation of a certain library of sets of FRFs corresponding to different mechanisms and analyzing their patterns which can be used for the discrimination between different mechanisms. This work is part of the effort of compiling such a library.
The analysis of the FRFs for the investigated mechanism demonstrated three major things:
1. The FRFs corresponding to micropore diffusion with variable diffusivity maintain the main characteristics which distinguish the micropore diffusion mechanism from other mechanisms.
2. The second order FRF F 2,pp (ω, -ω), relating the sorbate concentration in the solid phase and the gas pressure, gives enough information to make a decision on whether in a particular case the micropore diffusivity in the system is variable or can be treated as constant.
3. The first and second order FRFs offer enough information for the fast and easy estimation of all the parameters defined in the model. Estimation of the parameters related to the non-linearity of the system is especially significant.
Considering all this, this work can be used as another proof of the superiority of the non-linear FR method over the classical linear FR one. k -temperature coefficient of the Langmiur isotherm parameter, K -1 (Equation (63)) P -pressure, kPa p -non-dimensional pressure Q -concentration in the adsorbent particle, mol/cm 3 q -non-dimensional concentration in the adsorbent particle Q 0 -concentration in the adsorbent particle at maximal coverage, mol/cm 3 (Equation 63) R g -gas constant, J/mol/K R µ -microparticle half-dimension, cm r µ -microparticle spatial coordinate, cm t -time, s T g -gas temperature, K T p -particle temperature, K V p -particle volume, cm 3 Greek letters θ g -non-dimensional gas temperature θ p -non-dimensional particle temperature ρ p -particle density, g/cm 3
σ -shape factor ξ -modified heat of adsorption coefficient (Table I) ζ -modified particle to gas heat transfer coefficient, s -1 (Table I) ω -frequency, rad/s NON-ISOTHERMAL ADSORPTION
